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We study the one-loop quantum corrections for higher-derivative superfield theo- 
ries, generalizing the approach for calculating the superfield effective potential. In 
particular, we calculate the effective potential for two versions of higher-derivative 
chiral superfield models. We point out that the equivalence of the higher-derivative 
theory for the chiral superfield and the one without higher derivatives but with an 
extended number of chiral superfields occurs only when the mass term is contained 
in the general Lagrangian. The presence of divergences can be taken as an indication 
of that equivalence. 



I. INTRODUCTION 

The study of higher-derivative field theories has a long story. In supersymetric models, the 
higher-derivative regularization method was proposed in jl| . In the context of gravity higher 
derivatives were introduced in 2] where it was shown that the presence of higher derivatives 
greatly improves the renormalization properties of field theories. Further, higher-derivative 
modifications of the gravity action were shown to arise due to the presence of the conformal 
anomaly of matter fields in curved space |3j.The superfield generalization of this concept, 
jased on the study of the supertrace anomaly of matter superfield in the curved superspace 
4j, was carried out in [5]. There, the higher-derivative action for the conformal sector 
(dilaton) of the N = 1 superfield supergravity, composed by the usual supergravity action 
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in the conformal sector plus an additive term, generating the superconformal anomaly, was 
formulated. In the papers [(J the effective action for this theory was studied in detail, and the 
superfield approach to the study of the effective potential, earlier developed in [2J, (see 8] for 
its three-dimensional generalization) was successfully generalized for the higher-derivative 
theories. 

Actually, the higher-derivative field theories are studied in different contexts, including 
different gravity modifications which are intensively applied to obtain the cosmic acceleration 
(qI, and the Horava model of gravity [k]]. In the context of supersymmetry, the interest in 
the higher-derivative superfield theories was recently recovered due to the paper where 
the equivalence of the higher-derivative supersymmetric theories and the ones with greater 
number of superfields was shown on the tree level (we notice that this idea can be interpreted 
as a reminiscence of the method for constructing an effective action for light superfields from 



a theory involving light and heavy superfields [12] ; see also [13| for the study of the superfield 



effective action in a generic case without higher derivatives) . Therefore, a natural question is 
whether such a mapping between higher-derivative superfield theories and superfield theories 
with an extended number of superfields is maintained on the perturbative level. Another 
interesting problem is whether the decoupling of the heavy states observed in [3] occurs as 
well in the higher-derivative theories. It is clear that to study these problems one should first 
describe the general properties of effective actions in higher-derivative superfield theories. 

This paper has the following organization. First, we describe the general structure of 
the one-loop effective action in higher- derivative superfield theories. Second, we develop 
a procedure for the one-loop calculation of the superfield effective potential in the higher- 
derivative superfield theory, which turns out to imply in different results for different ways 
of introducting the mass in the theory. 

II. EFFECTIVE ACTION IN HIGHER-DERIVATIVE SUPERFIELD 
THEORIES: GENERAL APPROACH 

Let us start with a following example of a higher- derivative superfield theory: 

S[$, <5] = j d 8 z$n$ + ( J d 6 zW{$) + h.c). (1) 



Here $ is a chiral superfield, and is an arbitrary function. Within this paper we follow 



notations and conventions of 



14J. A particular form of this action was studied in 6|. This 



action, being reduced to the components, contains fourth order in space-time derivatives (cf. 
j^l). We will refer to this theory as the minimal higher-derivative theory, since in this case, 



similarly to the minimal theory in [12], all couplings are concentrated in the superpotential 
sector. 

The effective action T [$,$], as usual, can be represented as a generating functional of 
the one-particle-irreducible vertex Green functions: 

e *r[$,* ]= y jD jD 0exp(z5[$ + 0,$ + 0])| 1 p / . (2) 

Here the $, $ are background (classical) fields and 0,0 are quantum fields. Following [jjj], 
we can represent the structure of the effective action in this theory as 

T[$, $] = J d 8 z£(<5>, ®) + {J d e z£ c ($) + h.c), (3) 

where ^) * s called general effective Lagrangian, which depends on superfields $, 5> and 
their derivatives, and C c is called chiral effective Lagrangian which depends only on the 
chiral superfield $ and its space-time derivatives, i.e. it is a chiral superfield itself. 

To obtain the one-loop effective action, one should expand the right-hand side of the 
equation (j2J) up to the second order in the quantum superfields 0, (cf. [3]). As a result, 
the one-loop effective action is defined from the expression: 

e ir(1)[ *'* ] = J D0 J D0exp(«[ J rf 8 #D0 + (~ J d 6 zW"($)<f) 2 + h.c.)}), (4) 

which yields the following form: 



W" -n^i 

r«[$,$] = >ln[ n2 4 I. (5) 



-n*f w" 



The elements of this matrix are defined in different subspaces of the superspace and mix the 
chiralities. Therefore, the straightforward calculating of the trace of the logarithm seems 
to be very complicated. To simplify the situation, we use the trick which was successfully 
applied earlier 

Let us consider the free higher- derivative theory of the real scalar superfield whose action 

is 

S v = -JL / d s zvD a D 2 D a Dv. (6) 



lplicated. 

0,QQ. 



This action is evidently invariant under the usual gauge transformations 5v = A + A, where 
A is a chiral superfield, and A is an antichiral one. Following general prescriptions of the 
Faddeev-Popov method, one can define the effective action W v of this theory as 

e lW - = [ Dvexp(-— [ d 8 zvD a D 2 D a Dv)5(-D 2 v-$)5(-D 2 v-4>), (7) 
J 16 J 4 4 

where the \D 2 v — <fi, \D 2 v — <fi play the role of the gauge fixing functions and 0, are the 

same as in (j2J). One should notice that the W v is a constant independent of 0, 0. 

Then, let us multiply the expressions (TjJ and (JTj). The functional integration over 0, is 

straightforward, and we arrive at 

e ira)[#,$]+iW, = J Dvexp (li[ J d 8 z{vn 2 v - v~W"(<S>)D 2 v - vjW"($)D 2 v)}). (8) 

The operator whose trace of the logarithm must be calculated to find the one-loop effective 
action is radically simplified. After omitting irrelevant constants, the one-loop effective 
action takes the form 

r« = ^Trln(D 2 - ~W"($)D 2 - ^W"{$)D 2 ). (9) 

Therefore we face the problem of calculating of trace of the logarithm of the higher-derivative 
operator. 



III. SUPERFIELD PROPER-TIME METHOD IN THE HIGHER-DERIVATIVE 

CASE 

Let us calculate the trace The most convenient way for that is based on the use of 
the Schwinger representation (cf. [3]): 

rW = ^Tr J ^exp[is(B 2 + + ~VD% (10) 

Here we denoted W"{f&) = W"(<&) = — $f for the convenience. One should remind that 
\1/ is a chiral superfield, and ^ is an antichiral one. 

Disregarding the terms involving the space-time derivatives of $, $, which correspond 
to fourth and higher orders in space-time derivatives of the scalar components of these 
superfields, we can rewrite this expression as 

r« = \jd*zj ^ex V [is{\*D 2 + \*D 2 )]e^ 2 5\ Zl - z 2 )\ zl=Z2 . (11) 



Now, let us proceed in a way similar to [6|, LZj] . As a first step, we introduce operators 

A = ^D 2 + ^D 2 ; fi(tf,*,s) = e isA , (12) 
where Q can be expanded as a power series in the spinor supercovariant derivatives: 

lb Id 8 8 

+ \c{s)D* + \c(s)D 2 . (13) 

The Q satisfies the superfield heat conductivity equation 

i^ = nA. (14) 

i as 

The initial condition is evidently f2| s= o = 1, hence A(s = 0) = A(s = 0) = B a (s = 0) = 
Ba(s = 0) = C(s = 0) = C(s = 0) = 0. The system involving these coefficients turns 
out to be exactly the same as in the Wess-Zumino case pj, hence the coefficients A and A 
reproduce the results obtained in that model. 

The one-loop effective action can be expressed as 

rW = -if d*z J ^Q^^,s)e M2 6 8 ( Zl -z 2 )\ Zl=Z2 . (15) 



Using the well-known properties of the spinor supercovariant derivatives [14j, one can show 
that only the coefficients A and A give nontrivial contributions to the one-loop effective 
action, i.e. 

=--J d A Bd A x x f ^iA(s) + A(s)]e lsDi '-5\x x - x 2 )\ Xl=X2 . (16) 

The differences with the Wess-Zumino case will arise when, after the expansion of the heat 
kernel Q(s) in series in □ is carried out, and these d'Alembertians, instead of the usual 
function e lsD 5 8 (zi — z 2 ), as it occurs in the Wess-Zumino case Q], will act on the function 
e %sU2 5 & {z\ — z 2 ). Therefore, at this step, we may merely quote the results obtained for the 
coefficients A(s), A(s) in the Wess-Zumino case, which, just as in , can be taken up 



to the fourth order in the spinor supercovariant derivatives of superfields: 

A(s) + A{s) = ^[cosh(s[/) - 1] + 

D 2 ^fD 2 ^/ 1 
+ s — — (scoshfsC/J — — sinhfsC/)) + 

x (-s 2 U smh(sU) - scosh(sU) + — sinh(sf/)) + 
o u 

+ ^( J D^)( J D Q ^)( J D^)( J D^)[i5 3 cosh(^) - ~smh(§U) + 

+ X( s ~cosh(5C/) - i sinh(^))]. (17) 



Here s = is, U = vMD. The higher orders in supercovariant derivatives of \l/ in 
principle also can be found. However, obtaining the complete expression for the one-loop 
superfield potential seems to be an extremely difficult problem. 

It remains to substitute these expressions into ( fl6l) and to expand ( TT7T) in power series 
in □. The contribution to the one-loop kahlerian effective action is given by the first line of 
(HID, i.e. 



= -i J d A 6d A Xl J ~[cosh(Sf/) - l^VOn - x 2 )\ Xl=X2 , (18) 
which, after expanding in series in □ yields 

ffW = J d*9d* Xl Jjf^ j^^(t 2 ^r^n n e- tD2 5\ Xl - x 2 )\ Xl=X2 . (19) 

Here we carried out the Wick rotation s = it (with t = —s) and xq = ix^E for convenience. 
We also split the indices n into odd, n = 21 + 1 and even, n = 21, ones. As a result, this 
expression takes the form 



J •* 1=0 



1 1 

(t 2 M) 2m D 2Z + - (t 2 ^) 2l+2 D 2l+1 



_(4/ + 2)! v ' (4/ + 4)! 



x e- tn2 5\x 1 -x 2 )\ Xl=X2 . (20) 

Now, let us consider the structure D n e~ tn2 5 4 (xi — x 2 )\ Xl=X2 . It is clear that the function 
V(t; Xi, x 2 ) = e~ tn2 6 4 (xi — x 2 ) which we will call the free heat kernel satisfies the equation 

□V(t; x u x 2 ) = —^V(P, xi, x 2 ), (21) 



hence 



D 2l V(t; x u x 2 ) = (-J t YV(t; x u x 2 ); D 2l+1 V (t; x u x 2 ) = (-±ynV(t; x u x 2 ). (22) 

In this paper, the above expressions will be considered only in the limit xi = x 2 . One can 
find that (cf. Q) 



V[t; Xi, x 2 ) \ Xl =x 2 — 
nV(t; x 1 ,x 2 )\x 1 =x 2 



d A k 



-tk 4 



d 4 k 



327T 2 t' 



2\-tk 4 



-k z )e 



1 



32vr 3/2 t 3/2 ' 



(23) 



therefore 



n 2l V{t-x x ,x 2 )\ Xl -. 



■'■2 



_ (-i)'a . 

dt' 32vr 2 t 327r 2 t i + 1 ' 



d„ 1 



□ 2m V(t;x l5 x 2 )U 1=X2 



1 



dt' v 327T 3 / 2 t 3 / 2 ' 



(-l) f+1 (2/ + l)!! 

327r 3/2 2 i t /+3/2 



(24) 



Replacing all this into (1201) . we arrive at 



d 8 z 



dt 



32vr 2 t 



(f^fl+l (_!)«/! ( t 2^^)2Z+2 (_l)«0f( 2 / + 1) 



(4/ + 2)! t l +* (4/ + 4)! 2^+ 3 / 2 



(25) 



The series are evidently convergent (to show this, it is sufficient to remind that ^jyy < pyy). 
The integrals over t are also convergent. An equivalent form of this expression is therefore 



d 8 z 



dt 



327T 2 t 



1=0 



,?>l- 



(4/ + 2)! 



(4/ + 4)! 2 l 



.(26) 



To simplify this expression, let us make the change t(\P\E') 2 / 3 = u (note that u is dimension- 
less). We find 



= / d 8 z(^) 



1/3 



which can be presented as 



32tt 2 m 



E 

z=o 



-l) l u 3l+1 l\ (-1) V+ 5 /2 0f( 2 / + 1)1! 



(Al + 2)\ (4/ + 4)! 



2' 



(27) 



Co 
32tt 2 



d 8 ^(^^) 



1/3 



(28) 



where 



c 



/oo 
7 n 



(-1) v+ 3 / 2 v^F(2/ + r 



(4/ + 2)! (4/ + 4)! 



(29) 



is a finite constant. It is easy to see that the result for dilaton supergravity [6j, being a 
particular case of this result, is easily reproduced. 

Now, let us calculate the one-loop auxiliary fields' effective action. To do it, let us consider 
all derivative dependent terms in ( fTT|) . After their expansion in power series in □, we find 

J J l ^ 64 [ (2n + 2)! (2n + 3)! J 

+ — \^D 2 ^D a mD a m + h.c.]t 2n+ \^) n [ ' ' J 



64 L J v ' L 3(2n + 1)! {2n + 2)\ (2n + 3)! J 

256 V ; 

r 1 5 7 7 



2(2n)! 3(2n + l)! 2(2n + 2)! 2(2n + 3)! J 
x n n e- tD2 S A (x 1 -x 2 )\ Xl=X2 . (30) 

Then, we apply the same scheme as above. By its essence, this expression looks like 

F^ =l [ d 4 9d 4 Xl [ ^f^A n ^^,t)D n e- tD2 S\ Xl - x 2 )\ Xl=X2 . (31) 

J J t n=0 

Here A n are some functions of fields whose explicit form can be read off from flHUl) . Dividing 
this sum into sums over odd n — 21 + 1 and even n = 21, and taking into account (EI]), we 
find 



i / 7 s I dt v~v Z! „ (2Z + 1)!! . 

F« =. / / T ^__ - A 2l+1 I > +3/2 ]. (32) 



After carrying out the transformations we used above, we find 

L J (^^) 2 
+ C 3 D a *D a *D & *D & *j^L-, (33) 

where Ci,C 2 , C3 are some numbers, whose explicit form is 

Cl = -J— fduf\(—^ ZJ_ ^ (2Z + !)!! _ (2Z + 1)!! l+7/ 

1 2048vr 2 i ^ K (4Z + 2)! (4Z + 3)! j 2< l (4Z + 4)! (4Z + 5)! J J ' 

1 f ^„ Z! l\ 3l+2 _ 

2 ~ 2048vr2 J dM Z^ 3 (4Z + l)! (4Z + 2)! + (4Z + 3)! jM 

_ A f (2Z + l)!! _ (2Z + 1)!! 7 

2' l (4Z + 4)! (4Z + 5)! J J ' 1 J 



and 

C - 1 ldu^\( U 5U I 711 711 )^ 

3 8192tt 2 J ^2(4/)! 3(4/ + 1)! 2(4/ + 2)! 2(4/ + 3)r 

_ (21 + 1)!! _ (2/ + 1)!! (2/ + 1)!! , +7/ 

2' l 3(4/ + 5)! (4/ + 6)! (4/ + 7)! J J ' 1 ' 

To close the consideration of the one-loop effective action for this model, let us find the 

one-loop chiral contributions to the effective action. It is clear that they differ from zero only 

if W" (&)\$ =0 = const 7^ (i.e. if ^ | a,=o = A = const, essentially it means that A is related 

with the mass of the theory; one should notice that^the case A = gives zero one-loop chiral 

corrections). We can follow the methodology of 

the coefficients A, A, B a , C, C and calculating the traces via the same approach as above 

yields 



6j which, after solving the equations for 



£(D = A 1 / 3 [{(c 1 + 3c 3 )A 1 / 3 vl>- 1 / 3 + c 2 A- 2 / 3 v|> 2 / 3 + 3c 4 A 4 / 3 v|>- 4 / 3 } x (36) 

x -q- 2 d m yd m V + -(^D* - y- 2 d m Vd m y){c 3 \ 1/3 y- 1/3 + c 4 A 4/3 ^~ 4/3 )] 
9 3 

The constants ci, C2, C3, C4 have the form 

1 3 J-l) k k\ 



poo w 1 q 

Cl = 18 / duYu 3k+1 8 3 ( , , „ - , , - )■ 
Jo U H4fc + 2)! (4fc + 3)!^ 

c - 18 r^v^( 1 3 (-l) fc (2fc + l)!! 

c * ~ - 18 J o du 2^ u ( (4fcT4)! " 2*32*3/2 (37) 

C 3^+1 1 

C3 = 6 y o 



C4 



fc=0 

°/ a "2^« (4A + 5)! 2*32^ 



fc=0 

All these integrals over it are finite. 

We close this section with the conclusion that we have found the lower contributions to 
the one-loop effective action, involving up to four derivatives. Now, after we have calculated 
these contributions, let us study a slightly different form of the theory. 



IV. HIGHER-DERIVATIVES THEORY WITH NONCHIRAL MASS TERM 



In llj the relation between the higher-derivative theory and the usual theory with ex- 
tended number of superfields was discussed. It was claimed in that paper that, at the tree 



level, the theory of a chiral superfield whose kinetic term involves a linear combination of the 
higher-derivative term $□$ and the usual one can be shown to be dynamically equiv- 
alent to the theory without higher derivatives but with additional chiral fields. However, it 
follows from studies of [111 ], and it can be straightforwardly verified, that this equivalence 
cannot be established for the theory of the form (TjQ) which does not contain the usual kinetic 
term besides of the higher-derivative one. The studies carried out in the paper [lli] are 
applicable only for the theory whose kinetic term is 

S K = J d & z${n - M 2 )<J. (38) 

This kinetic term is equivalent to the one of the Wess-Zumino model with a higher-derivative 
regulator Alternatively, the higher derivatives can be introduced to the superpotential 
term (we will carry out this analysis elsewhere). However, the analysis of the effective action 
for such theory is more complicated than for the theory studied above. The calculation of 
the Schwinger coefficients A(s) and A(s) does not differ from the previous section. The 
analog of the free heat kernel function V(t; x\, x 2 ), after introducing of the same trick as 
above, can be shown to be equal to 

V(s; x Xl x 2 ) = e-^-^d^ - x 2 ). (39) 

However, even the evaluation of the case x\ = x 2 , which is only interesting for us in the 
one-loop approximation, is a nontrivial problem which can be reasonably solved only for 
very large mass M. Let us proceed with this calculation. 

After Fourier transform and Wick rotation, the function V(t; x±, X2)\ Xl =x 2 looks like 



1(a) = V{s-x^x 2 )\ xl=X2 = I _l^_e-^^ 2 ). (40) 



Changing variables, k 2 = u, we find 

I{s) = ^-e^ I™ duue-*^ 2 . (41) 
I67H J 

Replacing then u + ^ = u' and integrating over u where it is possible, we find 

62-k z s 32tt z Jm 2 /2 
We find that this expression for the heat kernel function can be expressed through the 
probability integral function 

$(x) = 4= I" dte~ t2 . (43) 



The presence of such a function seems to make impossible finding the explicit one-loop 
kahlerian potential in the general case. It is clear that $(x — > oo) — > 1. Indeed, 

I(s) = ih { h - \ e ( / < te ~*"-/ *«-~» < 44 > 

Substituting su 2 = w 2 , we get 



o Jo 



o 



1,1 M 2 sM2/4 



-e 



ly^(l-$(M 2 Vi/2)]. (45) 



16tt 2L 2s 2 2 

To evaluate this expression, we employ the asymptotics of the probability integral $(?/) at 



large arguments 161 ]: 



7T * — ' 7/ 

fc=0 



We find that the term with k = identically cancels the "usual" term ^. Taking into 
account only the M — > cxo dominant term (remind that the limit of very high masses was 
studied earlier in [ijj]), one finds 

m = jj^, (47) 

which differs from the case M = considered in the previous section where the analog of 
this function was proportional to -. One could note that such behaviour of the heat kernel 

n 

seems to be similar to that one occurring in the Wess-Zumino model [7J. Nevertheless, the 
presence of a large mass in the denominator gives a hope that the corrections to the effective 
action will be suppressed in a M — > oo limit. 

For simplicity from now on, we restrict ourselves only to calculation of the kahlerian 
effective potential. 

The theory we study here has the action 

S[<f>, $] = J d 8 z$(n - M 2 )$ + ( J d G zW{§) + h.c). (48) 

Here M ia a large parameter related to the physical mass. Using the insertion of the effective 
action of the free real scalar superfield whose classical action looks like 

S v = _ JL J d 8 zvD a D 2 D a (0 - M 2 )v, (49) 



one can show that the one-loop effective action corresponding to the theory (1481) can be 

expressed through the following Schwinger representation 

j r do 1 1 

r (i) = l Tr / —exp[ iS (D(D-M 2 ) + -^D 2 + j^D 2 )}. (50) 
2 J s 4 4 

Since we restrict ourselves here to the kahlerian part of the effective potential, we can express 
the one-loop effective action as 

r « = '-Tr [ d 8 z [ - Q x V [is{Ud 2 + \^D 2 )}e lsU ^~ M ^5\z - z')\ z=z , (51) 

L J J S 4 4 

The relevant terms from the operator exp(is(|\E r Z) 2 + j^!D 2 )) again have the form (fTTl) . and 
the one-loop kahlerian effective action looks like 

= -i j d 4 9d 4 Xl j ji[cosh(tVMD) - l]e- tD ^- M ^5 4 (x 1 - x 2 )\ Xl=X2 . (52) 

Expanding this in series in □, after Wick rotation we find 

= j d 4 6d 4 Xl j j g ^ I 2)j (t 2 ^r +1 D n V(t; xi, x 2 )\ Xl=X2 . (53) 

Here the function V(t;xi,X2) can be read off from the flHUj) . As we already noted, this 
expression can be found in a closed form only in the limit M —>■ oo. It follows from (1391) 
that 

D n V(t; Xl ,x 2 ) = L{^*)»V{t-,x 1} x 2 ), (54) 
so that, after taking x\ = x 2 , 

(—l) n (n 4- IV 

□"V( g ;x 1 ,x 2 )U 1 ^ 2 = ;j ( ] f +J 2 . (55) 
Putting all together, we find 

K ~ 32vr 2 J dZ J MH 2 ^ (2n + 2)! { AP J ' (56) 

This expression is similar to that one obtained in 7| for the Wess-Zumino model. As a 
result, we have 

~ 32tt 2 J az M ^ J*** u (2n + 2)! ' 1 J 

n=0 

To avoid divergence of the integral, we introduced the cutoff L 2 at the lower limit. As 
L 2 — > 0, one obtains 

Here £ is some finite constant which can be absorbed into a redefinition of /i 2 . This contri- 
bution is divergent but turns out to be suppressed in the large M limit. 



V. SUMMARY 



We considered the one-loop effective potential for different versions of the higher- 
derivative chiral superfield models. It turns out that, in the case when the mass term 
is purely chiral (a similar situation with the mass term takes place in the Wess-Zumino 
model), the theory is finite. At the same time, if the mass term arises in the general La- 
grangian (that is the situation considered in [111]), the theory displays divergences though 
being super-renormalizable. We note, however, that the equivalence of the higher-derivative 
theory of the chiral superfield and the theory without higher derivatives but with an ex- 
tended number of chiral superfields described in H[ occurs only in the case when the mass 
term belongs to the general Lagrangian (that is, the second case considered in the paper). 
Therefore, the presence of these divergences can be considered as a sign in favour of the 



equivalence established in pjj. On the other hand, a detailed study of the effective action 
in a theory involving several chiral superfields seems to be technically complicated, so we 
consider it in another work. 
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